Operator algebras on locally compact abelian

groups

Raffael Hagger

Kiel University
Christian-Albrechts-Universitat zu Kiel

Workshop on Quantum Harmonic Analysis, August 5, 2024

Joint work with Robert Fulsche.

Raffael Hagger Operator algebras on locally compact abelian groups



Let G be a locally compact abelian group (such as Z or R) and
consider a bounded integral operator of the form
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Let G be a locally compact abelian group (such as Z or R) and
consider a bounded integral operator of the form

A IX6) = IHG). (ANG@)i= [ Koo i)y

Questions:
@ When is this integral operator compact?
@ When is this integral operator Fredholm?
@ What is the essential spectrum of A?
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e G:=17,ie L*G)=1*2)
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e G:=7,ie L*G)=1*7)
@ A: (*(Z) — (*(Z) can be described by
(Af); = Ajrfr,

kEZ

that is,

A1 Ao A_n
A= o Aomr Ao Ao
Ay A An
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@ band operators (BO(Z)): finitely many non-zero diagonals
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@ band operators (BO(Z)): finitely many non-zero diagonals
@ band-dominated operators (BDO(Z)): closure of BO(Z)
WLt |l 22z
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@ band operators (BO(Z)): finitely many non-zero diagonals

@ band-dominated operators (BDO(Z)): closure of BO(Z)
WL ([l 22 (2

@ BDO(Z) is a C*-algebra that contains all compact
operators
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A € BDO(Z)

Ao o Ao Ao Aol Ao
oo Ao A Ao A A_pp
A =|... Ao2 Ao-1 A Aot Ao
Ao A1 Ao A Ap
Ay o Ay 1 Ay Ay A
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A € BDO(Z)

Ao o Ao Ao Ao Ao
o Ao A Ay A 12
A+K=|... Aoz Ao1 A Aon Ao
Ao A1 Ao A Ap
Ay o Ay 1 Ay Ay Axp

A <= A+ K compact and spog(A4) = Spegs(4 + K)
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A € BDO(Z)

Ao o Ao Ao Ao Ao

o Ao A Ay A_12
A+K=|... Aoz Ao1 A Aon Ao
Ao A1 A A

A272 A271 A20 A21 A22

A <= A+ K compact and spog(A4) = Spegs(4 + K)
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A € BDO(Z)

Ao o Ao Ao Ao Ao

. A_1_2 A—12
A+ K=1]... Ao_o Apa
Ai_o Al

A272 A271 A20 A21 A22

A <= A+ K compact and spog(A4) = Spegs(4 + K)
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A € BDO(Z)

Ao o Ao Ao Ao Ao

. A_1_2 A—12
A+ K=1]... Ao_o Apa
Ai_o Al

A271 A20 A21 A22

A <= A+ K compact and spog(A4) = Spegs(4 + K)
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A € BDO(Z)

A g9 Ao 1 Ao Ao Ao
oo Ao A Ag A App
A=1... Ag2 Ao Aot Aoz
Ap o A1 A A A
Ay g A1 A Az A
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A € BDO(Z)

A1y Ao A Ap Ags
e A0,1 AOO AOl A02 A03
viAav = | ... A1 Ao Al A Ags
Ag1 Ay A Ay Ao
As1 Asp Az Az Asg
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A € BDO(Z)

Ago| Ao Aoz Aoz Aos
oo A A A Az Ay
V72AV2 =1... AQQ A21 A22 A23 A24
Ao Az Az Azz Az
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A € BDO(Z)

oo Agz Agn Ags Age Aar
VPAV? = | ... Ass Ass Ass Ase Asy
Az Aes Ass Ass  Aer
Arz A7y A7 Arg Arr

Raffael Hagger Operator algebras on locally compact abelian groups



A € BDO(Z)

B o o9 Bo 1 B.o B_o1 B g
... B4 o B11 B B11 B
B=1... Bo2 Bo-1 B Boi Bo
By 2 Bi-1 Big Bn B
By o Bs1 By Bay  DBa

Apf = Bf = lim V—hn AV R f (if it exists for all f € ¢2(Z))
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a.(A): Z — L(FZ(Z)), an(A) .=V "AV" can be extended to a
strongly continuous map on SZ.
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a.(A): Z — L(FZ(Z)), an(A) .=V "AV" can be extended to a
strongly continuous map on SZ.

A: 0%(Z) — ¢*%(Z) is compact if and only if A € BDO(Z) and
az(A) =0 forallx € 57\ Z.
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a.(A): Z — L(FZ(Z)), an(A) .=V "AV" can be extended to a
strongly continuous map on SZ.

A: 0%(Z) — ¢*%(Z) is compact if and only if A € BDO(Z) and
az(A) =0 forallx € 57\ Z.

Theorem (Lindner/Seidel 2014, Lange/Rabinovich 1985)

Let A € BDO(Z). A is Fredholm if and only all of its limit
operators o, (A), x € BZ \ Z, are invertible. Moreover,

Sp%s@4):: LJ sp(ax(A))

T EPZ\L
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Now consider G := R and recall Af(z) := [ k(z,y)f(y) dy.
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Now consider G := R and recall Af(z) := [ k( y) dy.
@ band operators (BO(Z)): finitely many non-zero dlagonals
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Now consider G := R and recall Af(z) := [ k( y) dy.
@ band operators (BO(R)): k(z, y) =0 for \m — y\ > w
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Now consider G := R and recall Af(z) := [ k( y) dy.
@ band operators (BO(R)): k(z, y) =0 for \m — y\ > w
@ band-dominated operators (BDO(R)): closure of BO(R)
WL (-l 2 r2my)

Raffael Hagger Operator algebras on locally compact abelian groups



Now consider G := R and recall Af(z) := [ k( y) dy.
@ band operators (BO(R)): k(z, y) =0 for \m — y\ > w
@ band-dominated operators (BDO(R)): closure of BO(R)

WLt [l 22wy
@ BDO(R) is a C*-algebra that contains all compact
operators
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@ Problem 1: A is not necessarily compact if £ has compact
support.
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@ Problem 1: A is not necessarily compact if £ has compact
support.

@ Problem 2: Even for multiplication operators, limit
operators may not exist, e.g.,

fla) = (1)l

Then (V_ 5, MV, 5, )nen does not have a strongly
convergent subsequence.
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Raffael Haggel

Operator algebras on locally compact abelian
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-

—

/ \ //

L*(R) = (*(Z,L*([0,1)))

— A € BDO(R) is invertible modulo 1C(L?(R), P) if and only if
all limit operators of A are invertible.*
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Let = be a locally compact abelian group and
U:E—LMH), £—Us
a strongly continuous, unitary, projective representation, i.e.,

UcU, = m(&, p)Ug,p.

Raffael Hagger Operator algebras on locally compact abelian groups



Let = be a locally compact abelian group and
U:E—LMH), £—Us
a strongly continuous, unitary, projective representation, i.e.,
UeUp = m(&, p)Ugp-
For = := G x G we may choose H = L2(G) and

Uy f(h) = x(h)f(g~"h).
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Let = be a locally compact abelian group and
U:E—LMH), £—Us

a strongly continuous, unitary, projective representation, i.e.,

UeUp = m(&, p)Ugp-

For = := G x G we may choose H = L2(G) and
U] (h) = x(h)f(g™"h).

For example, if = =Z x T, then
Unif(m) =t"f(m —n)

for f € (?(Z), m,n € Z,t € T.
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Let = be a locally compact abelian group and
U:E—LMH), £—Us

a strongly continuous, unitary, projective representation, i.e.,

UeUp = m(&, p)Ugp-

For = := G x G we may choose H = L2(G) and
U] (h) = x(h)f(g™"h).

For example, if = = R x R, then
Ui f(y) = ¥ fy — )

for f € L*(R), z,y,t € R.
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Let C1(G) := {A € L(L*(G)) : z + a(A) continuous}.
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Let C1(G) := {A € L(L*(G)) : z + a(A) continuous}.

Proposition

Let A € C,(G). Then the map
a.: GxG— LILAG)), a.(A) :=U.AU;

extends to a strongly continuous map on M.

Here M denotes the maximal ideal space of BUC(G x @),
which was defined in Robert’s talk.
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Let C1(G) := {A € L(L*(G)) : z + a(A) continuous}.

Proposition

Let A € C,(G). Then the map
a.: GxG— LILAG)), a.(A) :=U.AU;

extends to a strongly continuous map on M.

Here M denotes the maximal ideal space of BUC(G x @),
which was defined in Robert’s talk.

Theorem (Fulsche/H. ’24)

Let A € C1(G). A is Fredholm if and only if c.(A) is invertible for
every z € M\ (G x G) (and the inverses are uniformly bdd).
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Theorem (Fulsche/H. ’24)

Let A € Ci(G). A is Fredholm if and only if o.(A) is invertible for
every z € M\ (G x G).
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Let A € BDO(Z). A is Fredholm if and only all of its limit
operators o, (A), x € BZ\ Z, are invertible.
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@ C1(Z) = BDO(Z) (well known, see e.g. the book by
Rabinovich, Roch, Silbermann)
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Theorem (Fulsche/H. ’24)

Let A € Ci(G). A is Fredholm if and only if o.(A) is invertible for
every z € M\ (G x G).

Theorem (Lindner/Seidel 2014, Lange/Rabinovich 1985)

Let A € BDO(Z). A is Fredholm if and only all of its limit
operators a;(A), x € BZ\ Z, are invertible.

Observations:

@ C1(Z) = BDO(Z) (well known, see e.g. the book by
Rabinovich, Roch, Silbermann)

@ M = BZ x T inthis case, hence M\ (Z xT) = (BZ\Z) xT

@ o, +(A) is unitarily equivalent to o 1(A) = a,(A) for all
€ pBZ,teT
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Now consider G := R and recall Af(z) := [ k( y) dy.
@ band operators (BO(R)): k(z, y) =0 for \m — y\ > w
@ band-dominated operators (BDO(R)): closure of BO(R)

WLt [l 22wy
@ BDO(R) is a C*-algebra that contains all compact
operators
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Now let G be an Ica group, recall Af(x) := [, k(x,y)f(y) dy.
@ band operators (BO(G)): k(z,y) = 0 for d(z,y) > w
@ band-dominated operators (BDO(()): closure of BO(G)

WLt (-l 22y
@ BDO((G) is a C*-algebra that contains all compact
operators
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Definition

Let G be an Ica group. An operator A € L(L?*(G)) is called a
band operator if there is a compact set K C G such that for all
H C G andall f € L*>(G) with supp f C H we have

supp(Af) C HK.
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Definition

Let G be an Ica group. An operator A € L(L?*(G)) is called a
band operator if there is a compact set K C G such that for all
H C G andall f € L*>(G) with supp f C H we have

supp(Af) C HK.

@ equivalently, if Af(z):= [ k( y) dy, then

suppk C {(z,z+y):z € G,y K}.
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Definition

Let G be an Ica group. An operator A € L(L?*(G)) is called a
band operator if there is a compact set K C G such that for all
H C G andall f € L*>(G) with supp f C H we have

supp(Af) C HK.

@ equivalently, if Af(z):= [ k( y) dy, then
suppk C {(z,z+y):z € G,y K}.

@ band-dominated operators (BDO(G)): closure of BO(G)
WLt (|-l 22y

@ BDO(G) is a C*-algebra that contains all compact
operators

@ If G admits a proper metric (i.e. is second countable), then
this agrees with the metric definition.

Raffael Hagger Operator algebras on locally compact abelian groups



@ Problem 1: A is not necessarily compact if £ has compact
support.

@ Problem 2: Even for multiplication operators, limit
operators may not exist, e.g.,

fl@) = (-1l

Then (V_ 5, MV, 5, )nen does not have a strongly
convergent subsequence.
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@ Problem 1: A is not necessarily compact if £ has compact
support.

@ Problem 2: Even for multiplication operators, limit
operators may not exist, e.g.,

fl@) = (-1l

Then (V_ 5, MV, 5, )nen does not have a strongly
convergent subsequence.

@ Consequence: BDO(G) # C1(G) unless G is discrete
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Co.1(G) := {A € LIL*(G)) : x > e (A) continuous }
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Co.1(G) := {A € LIL*(G)) : x > e (A) continuous }

Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).
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Co.1(G) := {A € LIL*(G)) : x > e (A) continuous }

Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

C10(G) == {A € L(L*(G)) : g > ag,1(A) continuous }
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Co.1(G) := {A € LIL*(G)) : x > e (A) continuous }

Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

C10(G) == {A € L(L*(G)) : g > ag,1(A) continuous }

For every Ica group G we have

C1(G) = BDO(G) N F~' BDO(G)F.
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Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

Sketch of the proof:
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Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

Sketch of the proof:
We know that

C1(G) = LY(G x G) * L(L*(G)).
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Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

Sketch of the proof:

Similarly,

Co1(G) = (80 @ LY(G)) » LIL*(G)),
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Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

Sketch of the proof:

Similarly,
Co.1(G) = (60 ® LY(G)) * L(L*(G)).

Direct computation shows
((50®f *A /f —x)ka(z,y)p(y)dy

for f € LY(G), p € L*(G), = € G.
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Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

Sketch of the proof:

Similarly,
Co.1(G) = (60 ® LY(G)) * L(L*(G)).

Direct computation shows
((50®f *A /f —x)ka(z,y)p(y)dy

for f € LY(G), p € L*(G), = € G.
= (,1(G) € BDO(G).
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Theorem (Fulsche/H. ’24)
Let G be an Ica group. Then BDO(G) = Co1(G).

Sketch of the proof:

Similarly,
Co1(G) = (80 @ LY(G)) » LIL*(G)),
Direct computation shows
(609 )+ A)etw) = [ Flu=lkata)elw) ay
for f € LY(G), p € L*(G), = € G.

= (,1(G) € BDO(G).

Conversely, if A € BOg(G), choose f € L*(G) with f =1 on
K.Then A= (dy® f) * A, hence A € Cp1(G)
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For A € L(L*(G)) and H C G define

1Al ;7 == sup {I|AS < [|fI| = 1, supp f € gH for some g € G} .
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For A € L(L*(G)) and H C G define

1Al ;7 == sup {I|AS < [|fI| = 1, supp f € gH for some g € G} .

Theorem (Fulsche/H. ’24)

For all K C G compact and c € (0,1) there is a compact subset
H C G such that for all T € BOg(G) we have

Il gz = el|T1]-
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For A € L(L*(G)) and H C G define

1Al ;7 == sup {I|AS < [|fI| = 1, supp f € gH for some g € G} .

Theorem (Fulsche/H. ’24)

For all K C G compact and c € (0,1) there is a compact subset
H C G such that for all T € BOg(G) we have

Il gz = el|T1]-

lower norm: v(A) := HiIHIf1 | Ap|| = HA_1H71
oll=
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For A € £L(L*(G)) and H C G define

1Al ;7 == sup {I|AS < [|fI| = 1, supp f € gH for some g € G} .

Theorem (Fulsche/H. ’24)

For all K C G compact and c € (0,1) there is a compact subset
H C G such that for all T € BOg(G) we have

Il gz = el|T1]-

lower norm: v(A) := HiIHIf1 | Ap|| = HA_1H71
oll=

Proposition

Let A € Ci(G), E := G x G. Then there exists y € 92 such that

v(ay(A)) = inf v(ax(A)).

TEI=
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Theorem (Fulsche/H. ’24)

Let A € Ci(G) and = := G x G. A is Fredholm if and only all of
its limit operators o, (A), x € O=, are invertible. Moreover,

Spess(A) = U Sp(aCE(A))'

T€EOE
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Theorem (Fulsche/H. ’24)

Let A € Ci(G) and = := G x G. A is Fredholm if and only all of
its limit operators o, (A), x € O=, are invertible. Moreover,

Spess(A) = U Sp(aCE(A))'

T€EOE

¢

Theorem (Fulsche/H. ’24)
For A € C,(G) we have

|4+ K@Z*@))]| = max [l (A)]
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Outlook:

@ phase spaces = that are not of the form G x G, only
assume that the representation

U.:E—>E('H), §—>U§

is integrable
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Outlook:

@ phase spaces = that are not of the form G x G, only
assume that the representation

U.:E—>E('H), §—>U§

is integrable

e for fixed window ¢y € H with & — (o, Ugo) € L*(E)
consider the wavelet transform

W@O: H— LQ(E’)a W(Pof(g) = <f7 U&‘PO)
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assume that the representation

U.:E—>E('H), §—>U§
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e for fixed window ¢y € H with & — (o, Ugo) € L*(E)
consider the wavelet transform

W@O: H— LQ(E’)a W@of(g) = <f7 U&‘PO)

@ consider operators on W,,, () (— Fock spaces)
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Outlook:

@ phase spaces = that are not of the form G x G, only
assume that the representation

U.:E—>E('H), §—>U§

is integrable

e for fixed window ¢y € H with & — (o, Ugo) € L*(E)
consider the wavelet transform

W@O: H— LQ(E’)a W@of(g) = <f7 U&‘PO)

@ consider operators on W,,, () (— Fock spaces)
@ allows to consider operators on coorbit/modulation spaces

(p#2)
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Define Ve := Wy, U W,
ag(A) == Ve AV
for A e LOW,,(H)), and

Ci(po) :={A € LW, (H)) : £ = a¢(A) continuous} .

Theorem (Fulsche/H. ’24)

Let = be an Ica group and denote the orthogonal projection of
L%(Z) onto Wy, (H) by P,,. Then

Cl((po) = Pgoo BDO(E)PWO.
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