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Notation and Background - Notation

Let .7 (IR®*?) denote the Schwartz class of rapidly decaying smooth functions, and &' (R?9) its
dual space of tempered distributions.

Symplectic Fourier transform
For ¢ € 7(R*?) we denote the symplectic Fourier transform of ¢ at a point ¢ € R* by

Fol)(0) = / &2y 1) d,

R2d

where ¢ is the symplectic form on R??, For 7 € .#/(R?*?), we extend the sympletic Fourier
transform to .7’ (R??) through,

(Fo(T) ) 5.0 = (T, Fo(¥)) 1,0, Vip € F(R?),

where a sesquilinear dual pairing is used.
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Notation and Background - Classical Decoupling

Let us introduces the classical decoupling constant.

Definition
Let @ C R?, and Pq be a partition of Q. We define the classical decoupling constant DZ,(Pq) to
be the smallest constant for which the inequality

> f < Dpg(Pa) | Y follfpgaey |

0€Pq LP(R29) 0€Pq

holds for any collection of functions with supp F,(fy) C 6.

The goal of decoupling is to achieve asymptotic bounds for the decoupling constant when
considering finer and finer partitions, i.e. #Pq — oc.
It is mostly ¢ = 2 which is considered in the literature.
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Notation and Background - Basic estimates

Square function estimates
By Minkowski's inequality for p > g, it follows that

1 1

q q

> 16l° < X 10

6cPq 0€Pq
LP(R2d)

In particular, for p > 2, every square function estimate gives rise to a decoupling result for
g = 2. We may therefore think of decoupling as a weaker square function estimate.

Trivial decoupling constant for finite partitions
Assume the partition Pg consist of N elements. Then Hélder's inequality yields

q

1
S < S Wollupggaey < N7 S 1617 g

0€Pq Lp(R2d) 0€Pq 0€Pq
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Classical results - Title of frame
Consider the truncated paraboloid

P2 = {(& 67 e R* s ¢ e R*7H g < 1for1<i<2d -1},
and cover the §-neighbourhood by
0 ={(& 6 +1): £ € Co |t < 4},
where {Cy} is a partition of [—1,1]**~ by cubes of side length §=.

Theorem (Bourgain-Demeter '15)

For0 < § < 1and any e > 0 there exists a constant C. > 0 such thatif2 < p < (4d +2)/(2d — 1),
then
(Pde 13) < CGo T,

while if p > (4d +2)/(2d — 1), then

2dt1_2d—1

52 (Prag 2 (9) < Cc6 =72 74

The proved the result for compact hypersurfaces with non-vanishing Gaussian curvature.
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Classical results - Figure of the 5-neighbourhood

d 11y
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Classical results - Decoupling for the moment curve
Consider the moment curve I : [0, 1] — R* given by
F(t) = (t,¢%,..., 2971 ¢%9).

Foreach 0 < ¢ < 1, let P(9) be a dyadic partition

0,1= J J

JeP(3)

where each interval |J| = 2°¢2®)] Moreover, for each interval J let ¢, be the centre of J and
denote by i, the parallelepiped centred at ['(c,) of dimensions [J] x [J]* x ... x |J]?? where side
number j is parallel to rY(c;).

Theorem (Bourgain-Demeter-Guth '16)
For each d € N and every € > 0, there exists a finite constant C4. > 0 such that

D;i(zd+l),2(7)(6)) < Cd,55_5,

forevery0 <é <1
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Classical results - Application to exponential sums

Lemma (Reverse Holder)
Let |Po| = N € N. Then foreach1 < p,q < ocoand a € £7({1,...,N}) and R > max|0|™*,

P
][ S a2 )| dx | < DE(Pa)llalle,
Br(0) |ocPq

eI

where &g € 6.

Corollary (Application to the moment curve)
Foreach1 < i <N, lett; € (i —1)/N,i/N]. For each R > N*¢, and every a € £*({1,...,N}) and
every p > 2 there exists C. > 0 such that

N

(]i,em) 2

=1

2mio(x,I(t))

1
P B
1 _ 2d(2d+1)
ae dx) <C (Ns LNET e +8> llall 2
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Classical results - sketch of proof for reverse Holder

Proof.
Let ¢ € .7(R?) be such that || > 1 on B1(0) and F,(¥) is supported on B;(0). Then the
function '

FQ(Z) _ agwR(z)eZﬂ'la(z,fg)

has its symplectic Fourier transform support on 6. Here ¢g(z) = ¢(z/R).
Decoupling then gives

Q=

p H G
(/ D age?mioe) d2> <> Fo|| <Dyo(Pa) (Z ||30¢R||zp>
Bgr(0)

6€Pq 0€Po o 0€Pq

2d <€
=R [[¢l[eDp.q(Pa)llallea-

The proof is concluded by recalling that |B,(0)| ~ R*.
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Quantum Harmonic Analysis - More Notation

Time-frequency Analysis
Let p denote the symmetric time-frequency shift given by

p(x, )F(t) = e TP (1 — x),  (x,€) € R¥, f € LX(RY).

Associated to p is the cross-ambiguity function. For f, g € L?(R?), the cross-ambiguity function
of f and g is defined at a point z € R*¢ by

A(f,8)(2) = (f, p(2)g) 12 € L*(R*).
W(f, g)(z) = 7 (A(f, 8)) (2).
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Quantum Harmonic Analysis - Operators

Schatten Class
Let K denote the compact operators on L?(R9). By the singular value decomposition, for each
T € K we can write it as

T= ZS"(T)SOU ® 'an,

neN

where {s,(T)} are the singular values of T, and {¢}, {¢,,} are two orthonomal families in L2.
We denote the Schatten p-class of compact operators on L?(R?) by

SP={T € K: {s:(T)} € "},

and equip it with the norm

ITs» = (Dsn(r)*’) "

neN
which turn it into a Banach space.
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Quantum Harmonic Analysis - Operators

Weyl quantization

For each 7 € ./ (R??), we can associate it to a continuous linear operator from . (R?) to
y’(Rd), denoted L., by the cross-Wigner distribution,

<LTfag>L7”,5” = <T7W(ga f)>y,ay7

forall f,g € #(R9). Here we use a sesquilinear dual pairing. This is known as the Weyl
quantization of 7, and 7 is called the Weyl symbol of L. In fact, every continuous linear
operator from .7 (R?) to .7’ (R9) has a Weyl symbol.

Schwartz and tempered distribution classes of operators
Define the Schwartz class of operators by

6 ={L,: pc SR} CS,

and its dual space
&= (y(Rd),y/(Rd)) .
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Quantum Harmonic Analysis - Convolutions

Convolutions
We then define an operator-operator convolution by

T*S(Z) = tI'(Taz(PSP))7

and a function-operator convolution by
fxT=Txf:= f(z)a(T) dz,
R2d

where the integral is considered weakly. Here «,(T) = p(z) Tp(—z) and Pf(t) = f(—t) is the
Parity operator.

Theorem (Werner-Young)

Llet1< p,q,r<ocobesuchthatl+rt=pt+qg L Iff € LP(R*), T € S»and S € S then
fxSeS and TS € L"(R?*). Moreover, there are the norm bounds

[ 5 Sllsr <[IflleelISlsa,
[T xSl <[ Tlls|Slsa-

@ NTNU | seneanreimons



Quantum Harmonic Analysis - The basics of Fourier-Wigner transform

Fourier-Wigner transform
For T € S, and z € R??, we define the Fourier-Wigner (or Fourier-Weyl) transform as

Fuw(T)(2) = tr(Tp(~2)) € Co(R*).

It also extends to an isomorphism from S? to L?(R?9) due to a result of Pool.
Since & C S, the Fourier-Wigner is well-defined and can be extended by duality to &’.

Theorem (Keyl-Kiukas-Werner '16)
Let S € 6, ¢ € #(R*), 1 € ' (R*) and A € &'. Then relations

Fo (S % A) = Fw(S)Fw(A), Fw (i x A) = Fo () Fw (A),
Fo(p * 1) = Fo () Fo(7), Fw(S*T1) = Fw(S)Fo (1),

hold.
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Quantum Harmonic Analysis - Quantum decoupling

Extending decoupling to operators
We can now extend decoupling to operators with the following definition.

Definition
Let Q C R??, and Pq be a partition of Q. We define the quantum decoupling constant D2, (Pq)
to be the smallest constant for which the inequality

%
< Do(Pa) (Z ||T9||sp) ;

0cPq

> To

0cPq sp

holds for any collection of operators { To}oer, C L(#(RY); ’(R9)) with supp (Fw(Ts)) C 6.
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Main results - Equivalence of decoupling constants

Equivalence of classical and quantum decoupling constants

We are able to show the following equivalence of decoupling under the assumption of Q being
a bounded set.

Theorem

Let Q  R?? be a bounded set, and let Pq be a partition of Q. Then there exists C = C(Q) > 1 such
that

CT'Dy4(Pa) < Diy(Pa) < CDylg(Pa)
holds forany 1 < p, q < co.

Remark
The constant C in the theorem is independent of p, q and the partition Pq.
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Main results - Quantum decoupling for the Paraboloid
Consider the truncated paraboloid
PP = (6,16 e R* € e R* 7 g < 1for1 < <2d 1},
and again cover the §-neighbourhood of P??~1 by
0 ={(& € +1): £ € G, |t < 4},

where {Gy} is a partition of [~1,1]>?* by cubes of side length §2.

/2SP-quantum decoupling

For 0 < 6 < 1 and any € > 0 there exists a constant C. > 0 such thatif2 < p < (4d +2)/(2d — 1),
then
D;Q,2(P./\/1[,,2d,1(5)) S CE(s_E,

while if p > (4d +2)/(2d — 1), then

2041 _ 2d-1

D2 (Phag_a(6) < G672 ~ 7%

@ NTNU | séeanreimons -



Main results - A convolution result
Two Convolution results

Proposition

Let Q be a bounded set in R??, There exist L?>-normalised g, h € .#(R?) and B € & such that:
i) If T € ' (R®*?) and F,(r) is supported on Q, then r = 7 * (g @ h) x B.
iil) If T € & and Fw(T) is supported on Q, then T = T x (g ® h) x B.

Corollary

Let Q be a bounded set, and 1 < p < co. There exists L2-normalised g, h € Y(]Rd ) and
C = C(Q) > 0 such that

i) If 7 € 7' (R*) and F,(7) is supported on Q, then
||T||LP(]R2d) < C(Q)|IT* (g @ h)|lse-
ii) If T € & and Fw(T) is supported on Q, then

[ Tllse < CDIT * (8 @ h)llo(zae)-
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Sketch of the proof - Proof of Convolution result

> There exist zo € Q and R > 0 such that Q C Bg(z). Let W € C°(R??) be a smooth cut-off
function such that W = 1 on Bg(z) and supported on Bagr(z). Moreover, let g, h € .7(R?)
be such that | A(g, h)(z)| > § > 0 on Bxr(z0).

» Then, foreachz € Q,

 Ae.m)2)
V() = 2 h)z)

where the operator B is given by

v 1
B = -1(_ ¥ )\ _ 1y .
Fw (,A(g, h)) /de Alg, h)(2) (2)p(z2) dz
> For each T € &' such that supp Fw(T) C 9, it follows that

V(z) = Fw(g ® h)(2)Fw(B)(2),

Fw(T)=Fw(T)V =Fnw(T)Fw(g ® h)Fw(B) = Fw(T x (g ® h) x B),

and the result follows as Fy is an isomorphism from &’ to .7 (R*9).
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Sketch of the proof - Proof of decoupling equivalence

> Let {Ty} be a collection for which supp Fw(Ts) C 0. Then T =3, Ty has its
Fourier-Wigner transform supported on Q. Thus, by the corollary

1

q

DTl <D Tox(g®h) < C(Q p,q<Z||T9* g®h)|LpR2d> :
L(de)

0€Pq Sp 0€Pq 0€Pq

as the Function Fy = Ty x (g ® h) has its symplectic Fourier transform supported on 6.
> Applying Werner-Young's convolution theorem gives

1

1 1

q q

ST C(Q)Dy, (Z | To * g®h)|le(de)> Dyq (Z ||T9||3p> ;
SP

0cPq 0cPq 0cPq

as g, h are L?>-normalised.
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Thank you for your attention
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